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Piotr Gurgul
Robert Syrek
This paper is concerned with a dependence analysis of returns, return
volatility and trading volume for five companies listed on the Vienna
Stock Exchange and five from the Warsaw Stock Exchange. Taking into
account high frequencydataforthesecompanies,tests basedonacom-
parison of Bernstein copula densities using the Hellinger distance were
conducted. The paper presents some patterns of causal and other re-
lationships between stock returns, realized volatility and expected and
unexpectedtradingvolume.Thereisalinearcausalityrunningfromre-
alized volatility to expected trading volume, and a lack of nonlinear de-
pendence in the opposite direction. The authors detected strong linear
and nonlinear causality from stock returns to expected trading volume.
They did not find causality running in the opposite direction. In ad-
dition, the existence of fractional cointegration was examined. Despite
the equality of the long memory parameters of realized volatility and
trading volumes, they do not move together in the long term horizon.
Key Words: realized volatility; trading volume; dynamic interrelations;
copulas; fractional cointegration
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Introduction
Marketparticipantsusuallythinkthatasharepricereflectsinvestors’pre-
dictions about the future performance of a company. These expectations
are based on available information about the firm. The release of new in-
formation forces investors to change their expectations about the future
performance of the company. New announcements are the main source
of price changes.Since investors evaluatethe content of newinformation
differently, prices may remain constant even though new information is
importantforthemarket.Thiscanbethecaseifsomeinvestorsthinkthat
thenewsisgood,whereasothersunderstandthesameannouncementsas
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bad news. The direction of movements of prices depends on the average
reaction of investors to news.
Itisobviousthatsharepricescanbeobservedifthereisapositivetrad-
ing volume. As with prices, trading volume and changes in it react to the
available set of important information on the market. Trading volume
reacts in a different way in comparison to stock prices. A change in in-
vestors’ expectations always leads to a rise in trading volume. The size of
trading volume reflects the sum of investors’ reactions to news.
Avalidresponsetothequestionofwhethertheknowledgeofonevari-
able (e.g. volatility) can improve short-run forecasts of other variables is
essential for analysts as well as market participants. Thus, in recent years
b o t hr e s e a r c h e r sa n di n v e s t o r sh a v ef o c u s e do nt h er e l a t i o n s h i pb e t w e e n
trading volume, stock returns and return volatility. Most early empiri-
calexaminationswereconcernedwiththecontemporaneousrelationship
between price changes and volume.
Both from a theoretical and practical point of view, the dynamic re-
lationship between returns, return volatility and trading volume is much
moreinterestingthanthecontemporaneousone.Oneofthemostimpor-
tant and useful topics in empirical economics is yhe examination of the
causal relationship between particular variables. The notion of causality
w a si n t r o d u c e db yG r a n g e r( 1 9 6 9 ) .I ti sb a s e do nt h ei d e at h a tt h ep a s t
cannot be influenced by the present or future. Thus, if one event is ob-
served before another event, causality can only take place from the first
event to the second one.
Many economic and financial time series exhibit the property of long
memory. Long-term dependence, called long memory, describes the
high-order correlation structure of a time series. If a time series pos-
sesses long memory, there is a persistent temporal dependence between
observations even when considerably separated in time. The same de-
gree of long memory of two or more time series may indicate some re-
lation between time series. This issue will be addressed in subsequent
sections.
Theremainderofthepaperissetoutasfollows.Abriefreviewofsome
aspects of causality and relevant contributions will be given in the next
section. The concepts of nonlinear causality and Bernstein copulas are
outlined in the third section. A description of the data and the method
for estimating volatility are presented in the fourth section.
The empirical results are discussed in the fifth section. Brief conclu-
sions and outlook are given in the last part of the paper.
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Literature Review
Karpoff (1987) in his survey of early research about price–volume rela-
tionscitedimportantreasonsforexaminingprice–volumedependencies.
These relations give an insight into the structures of financial markets,
and into the information arrival process and how information is dissem-
inatedamongmarketparticipants.Thisisstrictlyconnectedwithtwohy-
potheses: the mixture of distributions hypothesis (Clark 1973; Epps and
Epps1976;TauchenandPitts1983;Harris1986),andthesequentialinfor-
mation arrival hypothesis from Copeland (1976) and Tauchen and Pitts
(1983).
Aknowledgeofprice–volumerelationsisusefule.g.intechnicalanal-
ysisandisimportantwithrespecttoinvestigationsofoptionsandfutures
markets and in fashioning new contracts.
Oneof themost oftenusedapproachesin researchinto return-trading
volume interrelations is the concept of Granger causality. Causality in the
Granger sense can be understood as a kind of conditional dependency.
A serious problem with the linear approach to testing for causality is
th elo wpo w ero ft e s tsn ece s sa ryt odet ectso m eki n d so fn o nli n ea rca u sal
relations.Thisproblemwasraisedincontributions,whichareconcerned
withnonlinearcausalitytests(seee.g.Abhyankar1998andAsimakopou-
los, Ayling, and Mahmood 2000). The starting point for further investi-
gations was a nonparametric statistical method for uncovering nonlin-
ear causal effects presented by Baek and Brock (1992). In order to detect
causal relations the contributors used the correlation integral, an estima-
tor of spatial probabilities across time based upon the closeness of points
inhyperspace.TheconceptofBeakandBrockwasimprovedbyHiemstra
and Jones (1994) and Diks and Panchenko (2005; 2006).
The linear and nonlinear causality of companies listed on the dax in-
dex was investigated by Gurgul and Lach (2009). They used daily data
at close from January 2001–November 2008. For the testing of nonlinear
causality the Diks and Panchenko test was used, while linear dependen-
cies were checked by traditional Vector Autoregressive Models and by a
model derived by Lee and Rui (2002). The contributors confirmed the
hypothesis that traditional linear causality tests often fail to detect some
kinds of nonlinear relations, while nonlinear tests do not. In many cases
the test results obtained by the use of empirical data and simulation con-
firmedabidirectionalcausalrelationshipwhilelineartests didnot detect
s u c hc a u s a l i t ya ta l l .
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Rossi and de Magistris (2010) investigated the relationship between
volatility, measured by realized volatility, and trading volume. They
showed that trading volume and volatility exhibit long memory but that
theyarenotdrivenbythesamelatentfactorassuggestedbythefractional
cointegration analysis. They used fractional cointegration by var mod-
els as in Nielsen and Shimotsu (2007), and also extended the analysis of
RobinsonandYajima(2002)forstationaryandnonstationarytimeseries.
Theyfoundthatpast(filtered)log-volumehasapositiveeffectoncurrent
filtered log-volatility and on current log-volume as well. Their analysis
was complemented by using copulas in order to measure the degree of
tail dependence.
Bouezmarni, Rombouts, and Taamouti (2012) derived a nonparamet-
ric test based on Bernstein copulas and tested using high frequency data
forcausalitybetweenstockreturnsandtradingvolume.Thecontributors
proved that at a 5 significance level the nonparametric test clearly re-
jectedthenullhypothesisofnon-causalityfromreturnstovolume,which
isinlinewiththeconclusionwhichfollowedfromthelineartest.Further,
their nonparametric test also detected a non-linear feedback effect from
trading volume to returns at a 5 significance level.
In the next part of this paper in order to check links between the fi-
nancial variables under study, realized volatility will be used as a proxy
for volatility. Our dataset consists of five large companies listed on the
wig20 and five companies listed on the atx20. The Vienna Stock Ex-
change is an example of a well-developed small capital market and the
Warsaw Stock Exchange represents small emerging markets. The stock
markets under study exhibit similar capitalization. Both indexes cover a
similar period. atx index is quoted from 2 January 1991 and the wig
index is used from 16 April 1994.
The Vienna Stock Exchange has been in recent years a local rival of
the Warsaw Stock Exchange in Central and Eastern Europe. However re-
cently the stock markets in Vienna and Warsaw have been considering
cooperation and in the future a merger of them is possible.
Main Research Conjectures
At the very beginning of our empirical analysis we will check for the
stationarity, normality and autocorrelation of the investigated time se-
ries.Stationarityisthemainassumptionofmoststatisticalcausalitytests,
especially of var modeling. The literature overview and a preliminary
r e a d i n go ft h ed a t a s e te n c o u r a g e du st of o r m u l a t et h ef o l l o w i n g :
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conjecture 1 Alltimeseriesunderstudyarestationary,non-normal
and exhibit an autocorrelation pattern.
On the basis of previous results derived by the authors for companies
listedonthe dax indexalinearlinkbetweenstockreturnsandexpected
trading volume may be hypothesized.
In addition, in ordertochecklinearcausalitya bivariate var modelis
recommended.
conjecture 2 There is linear causality running from stockreturns to
expectedtradingvolumeforallselectedstockslistedonthe atx20and
wig20.
However we do not expect a similar interdependence in the case of
unexpected trading volume. We predict that:
conjecture 3 There is no causality between stock returns and unex-
pected trading volume for stocks selected from atx20 and wig20.
In order to check linear dynamic links for Polish and Austrian stock
return volatility and trading volume we will check linear and nonlinear
causality between realized volatility and expected (unexpected) trading
volume. Taking into account the findings of the other contributors men-
tioned in the overview we formulate the following conjecture:
conjecture 4 There is both linear and nonlinear causality running
from realized volatility to expected trading volume.
H o w ev er ,intheligh to ftheeco no micli t era t ur ea ndap r elimina ryco r -
relation analysis there are no clear linear and nonlinear links between
stock return volatility and unexpected trading volume. The correlation
analysis does not supply evidence of such interdependencies.
Therefore our next hypothesis is as follows:
conjecture 5 Thereisneitherlinearnornonlinearcausalitybetween
realized volatility and unexpected trading volume in either direction.
In the literature the long memory of financial time series is reported.
This property is important in the context of the Mixture of Distribution
Hypothesis, which assumes the contemporaneous arrival of random in-
formation on the stock market. In particular it is interesting to examine
the suggested existence of a latent directing variable which exhibits long
memory characteristics and is responsible for the dynamics of realized
volatility and volume. The results in previous contributions did not sup-
port mdh for daily return volatility and trading volume. Therefore, we
a l s oc o n j e c t u r ef o rt h ea tx2 0a n dwig2 0t h a t :
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conjecture 6 Realized volatility and trading volume are not frac-
tionally cointegrated. There is no common long-run dependence, and
therefore mdh with long memory should be rejected for these stock
markets.
T h ec o n j e c t u r e sl i s t e da b o v ew i l lb ec h e c k e db ys o m er e c e n tt e s t s .T h e
details of the testing procedures will be shown in the following sections.
Thetestoutcomesdependtosomeextentonthetestingmethodsapplied.
After a description of the methodology in the next sections, we will give
descriptive statistics of the time series included in our sample.
Nonlinear Causality, Bernstein Copulas
and Fractional Cointegration
Now we will present an extension of the Granger causality notion taking
into account three variables X,Y and Z.V a r i a b l eZ is in a causal relation
to variable Y,i nt h eG r a n g e rs e n s e ,i ft h ec u r r e n tv a l u e so fv a r i a b l eY
can be forecasted more precisely by means of the known past values of
variable Z, and those of auxiliary variable X, than in the case where the
values of variable Z are not involved in the forecasting process.
In the recent literature on nonlinear dependencies in the sense of
Granger causality nonparametric tests are used for the conditional in-
dependence of random variables. The conditional independence of ran-
dom variables implies a lack of causality in the Granger sense. Linton
and Gozalo (1997) tested conditional independency by means of a test
statistic based on empirical distributions. Su and White (2003) derived
a test based on smoothed empirical likelihood functions and in 2007
developed a nonparametric test for the conditional independence of dis-
tributions. To this end they applied conditional characteristic functions.
The test for conditional independence by Su and White (2008) is based
on a kernel estimation of conditional distributions f(y|x)a n df(y|x,z). If
the null holds true then the last functions are equal. A serious drawback
of this test is the restriction of the sum of the dimensions of variables
X,Y,Z t os e v e n .I na d d i t i o n ,i ti sn e c e s s a r yt od e fi n eaw e i g h tf u n c t i o n
for the Hellinger distance necessary to measure the distance between the
conditional distributions. The contributors applied their test to examine
Granger non-causality in exchange rates. It is used their approach and
methodologywhichisusedintheempiricalpartofthispaper.Thecausal-
ity test applied to the detection of nonlinear causality is based on Bern-
stein copulas (see for example Bouezmarni, Rombouts, and Taamouti
2012).
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Bouezmarni, Rombouts, and Taamouti (2012) focused on the differ-
ences between their test (henceforth called the brt test) and the test by
Su and White (2008). The main differences and advantages of the brt
test can be summarized as follows:
1. Thereisnorestrictiononthesumofthedimensionsofthevariables
under study.
2. The application of nonparametric Bernstein copulas in order to
estimate the joint conditional distributions guarantees the non-
negativity of their distributions. This is important with respect to
a true determination of the distance between them by means of
Hellinger distance.
3. It is necessary to determine only one parameter, which determines
the accuracy of the estimation of nonparametric copula density.
The contributors demonstrated by means of simulation studies that
their test has appropriate power and facilitates the recognition of dif-
ferent nonlinear dependencies between variables. By means of simula-
tion exercises evidence is presented for the uselessness of a classic linear
causality test for the detection of causal dependencies between nonlin-
ear processes. The authors applied their test in a Granger non-causality
examination of many macroeconomic and financial variables.
nonlinear causality versus
conditional dependence
Let {(X 
t,Y 
t,Z 
t) ∈ Rd1 × Rd2 × Rd3,t = 1...T} be the realization of the
stochasticprocessinRd,whered = d1+d2+d3withjointdistributionFXYZ
anddensityfunctionfXYZ.Thetestofconditionalindependencybetween
variables Y and Z under condition X c a nb ew r i t t e nd o w nf o rd e n s i t y
f u n c t i o n sa s( B o u e z m a r n i ,R o m b o u t s ,a n dT a a m o u t i2 0 1 2 ) :
H0: P(f(Y|X,Z)(y|x,z) = f(Y|X)(y|x)) = 1, for ∀y ∈ Rd2 (1)
H1: P(f(Y|X,Z)(y|x,z) = f(Y|X)(y|x)) < 1, for some y ∈ Rd2 (2)
where f(·|·)(·|·) stands for the conditional density function.
It is worth noting that a lack of causality in the Granger sense can be
understoodasconditionalindependence.Let(Y,Z) beaMarkovprocess
of order 1. The variable Z d o e sn o tc a u s ei nt h eG r a n g e rs e n s ev a r i a b l eY
if and only if the following null hypothesis holds true:
H0: P(f(Y|X,Z)(yt|y(t−1),z(t−1)) = f(Y|X)(yt|y(t−1))) = 1,
i.e. y = yt,x = y(t−1),z = z(t−1) for d1 = d2 = d3 = 1.
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For the sake of simplicity of notation we assume di = 1f o ri = 1,2,3.
Taking into account this notation the well-known Sklar theorem can be
put down in the form:
FXYZ(x,y,z) = CXYZ(FX(x),FY(y),FZ(z)).
The respective density function fXYZ is given by the equation
fXYZ(x,y,z) = fX(x)fY(y)fZ(z)cXYZ(FX(x),FY(y),FZ(z)),
where cXYZ is the density function of copula CXYZ. The null hypothesis
(1)can be expressedby meansof the copula notion in thefollowing form:
H0: P(cXYZ(FX(x),FY(y),FZ(z))
= cXY(FX(x),FY(y))cXZ(FX(x),FZ(z))) = 1, ∀y ∈ R
while an alternative hypothesis fulfills the inequality:
H1: P(cXYZ(FX(x),FY(y),FZ(z))
= cXY(FX(x),FY(y))cXZ(FX(x),FZ(z))) < 1
for some y ∈ R,w h e r ecXY and cXZ stand for the densities of the copu-
las of two dimensional distributions (X,Y)a n d( X,Z). The test statistics
suggested by Bouezmarni, Rombouts, and Taamouti (2012) is based on
the Hellinger distance between two distributions i.e. the density of the
copula cXYZ and the product of the densities of copulas cXY and cXZ.T h i s
measure
H(c,C) =
 
[0,1]3
⎛
⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝1 −
 
cXY(u,v)cXZ(u,w)
cXYZ(FX(x),FY(y),FZ(z))
⎞
⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠
2
dCXYZ(u,v,w)( 3 )
is equal to 0 if the null hypothesis holds true.
The distance (3) exhibits important advantages. First of all it is sym-
metric and invariant with respect to monotone transformations. In ad-
dition, it is not sensitive to outliers, because their weights are lower than
the weights of other observations. For empirical data Hellinger distance
(3) can be estimated by means of the following formula:
ˆ H = H(ˆ c,CT) =
 
[0,1]3
⎛
⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝1 −
 
ˆ cXY(u,v)ˆ cXZ(u,w)
ˆ cXYZ(u,v,w)
⎞
⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠
2
dCXYZ(u,v,w)
=
1
T
T  
t=1
⎛
⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝1 −
 
ˆ cXY(ˆ FX(XT), ˆ FY(YT))ˆ cXZ(ˆ FX(XT), ˆ FZ(ZT))
ˆ cXYZ(ˆ FX(XT), ˆ FY(YT), ˆ FZ(ZT))
⎞
⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠
2
,
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where ˆ F·(·) is the empirical form of marginal distribution F·(·). In addi-
tion, the densities of copulas are estimated by means of nonparametric
methods.
The test statistics (called BRT) and the method for computing the p-
value is given in Bouezmarni, Rombouts, and Taamouti (2012).
BRT =
Tk−
3
2
σ
(4 ˆ H − C1T−1k
3
2 − ˆ B1T−1k − ˆ B2T−1k − ˆ B3T−1k
1
2),
where C1 = 2−3π
3
2, σ =
√
2(π
4)
3
2 and
ˆ B1 = −2−1π + T−1
T  
t=1
(4πˆ Gt1(1 − ˆ Gt1))− 1
2(4πˆ Gt2(1 − ˆ Gt2))− 1
2
ˆ cXY(Gt1,Gt2)
,
ˆ B2 = −2−1π + T−1
T  
t=1
(4πˆ Gt1(1 − ˆ Gt1))− 1
2(4πˆ Gt3(1 − ˆ Gt3))− 1
2
ˆ cXY(Gt1,Gt3)
,
ˆ B3 = π− 1
2T−1
T  
t=1
1
 
ˆ Gt1(1 − ˆ Gt1)
.
The densities ˆ cXYZ, ˆ cXY and ˆ cXZ are estimated by means of Bernstein
copulas.Underthenullhypothesistheteststatisticsisdistributedasymp-
totically according to standard normal distribution. The null hypothesis
isrejectedforagivensignificancelevelαifBRT > zα holdstrue,wherezα
denotesthecritical valuegiven in thetables of standardnormaldistribu-
tion. Taking into account that the test statistic is asymptotically normal,
the contributors advise in the case of a finite sample the calculation of
p−values by means of bootstrap methods. Classical bootstrap methods
referring to empirical distribution cannot be applied. That is why Papar-
oditisandPolitis(2000)suggestedalocalbootstrapmethodfornonpara-
metrickernelestimators.Theytakeintoaccountthefactthatthedensities
ofthevariablesareconditional.ThismethodwasappliedbyBouezmarni,
Rombouts, and Taamouti (2012) and Su and White (2008). The p−values
can be determined for samples {Xt*,Yt*,Zt*}T
t=1 generated by bootstrap-
ing under condition d1 = d2 = d3 = 1 in the following steps:
1. In the first step Xt* is generated by means of a kernel estimator:
˜ f(x) = T−1h−1
T  
t=1
L
 
Xt − x
h
 
,
where L stands for the density of the one dimensional distribution.
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For t = 1,...,T the values of Yt*a n dZt* should be generated inde-
pendently from conditional densities:
˜ f(y|Xt*) =
 T
s=1 L
 Ys−y
h
 
L
 
Xs−Xs*
h
 
 T
s=1 L
 
Xt−Xs*
h
  ,
ˆ f(z|Xt*) =
 T
s=1 L
 
Zs−z
h
 
L
 
Xs−Xs*
h
 
 T
s=1 L
 
Xt−Xs*
h
  .
2 . F o rt h eg e n e r a t e ds a m p l et e s ts t a t i s t i cBRT* should be established.
3. Steps 1–3 should be repeated M times in order to receive {BRTj*}M
j=1.
4. Finally, the bootstrap p-value is given by
p* =
1
M
M  
j=1
1{BRTj*>BRT}.
fractional cointegration
For any d and de two I(d) processes are fractionally cointegrated if there
exists a linear combination that is I(de)w i t hde < d. In this case there
existslong-rundependenceandacommonstochastictrend.Assumethat
zt = (xt,yt)w i t hxt ∈ I(d)a n dyt ∈ I(d). If there exists β  0s u c ht h a t
the linear combination yt − βxt ∈ I(de), 0 ≤ de < d,t h e nxt and yt are
fractionallycointegrated.Wewritezt ∈ CI(d,b),forb = d−de.Rob inso n
andYajima(2002)considerthecaseofstationaryvariables,whileNielsen
a n dS h i m o t s u( 2 0 0 7 )a l s oa n a l y s et h ec a s eo fc o v a r i a n c en o n s t a t i o n a r y
variables.
The fractional cointegration can be tested as follows. Firstly, using
Whittle estimators the long memory parameters are estimated, and then
a test of their equality is performed (comp. Robinson and Yajima 2002).
Data Description and Estimation of Realized Volatility
We consider two original datasets. Firstly there are five-minute transac-
tion prices and volumes of five stocks from the Warsaw Stock Exchange
from 3 March 2008 to 28 January 2011 (732 daily observations). The se-
lected stocks are bre Bank sa (bre), bz wbk sa (bzw), kghm Pol-
ska Miedź sa (kgh), Bank Polska Kasa Opieki sa (peo), Polskie Gór-
nictwo Naftowe i Gazownictwo sa (pgn). The second sample contains
the tick-by-tick transaction prices and volumes of five stocks from the
Vienna Stock Exchange from 2 January 2009 to 9 November 2011 (711
d a i l yo b s e r v a t i o n s ) .T h es e l e c t e ds t o c k sa r eA n d r i t za g( a n d r ) ,E r s t e
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GroupBank ag (ebs), omv ag (omv),TelekomAustria ag (tka)and
Voestalpine ag (voe). For these companies’ descriptive statistics of the
time series of returns, realized volatility and trading volume were com-
puted. They are presented below.
daily stock returns
W ecomputeddailystockreturnsatcloseandmultipliedthemby100.The
descriptive statistics and tests conducted confirmed stylized facts about
stockreturnsrt.Thedeparturefromnormalityisreflectedinkurtosisand
skewness. The null hypothesis about normality is rejected for all compa-
nies under study (Jarque-Bera test). The Ljung-Box test indicates that in
most cases there exists significant autocorrelation in stock returns.
realized volatility
In empirical investigations daily squared returns or absolute returns are
used as a proxy of volatility. For high frequency, realized volatility is the
better alternative, because of improving the accuracy of risk computed
with high frequency squared returns.
InthispaperweuseaNewey-WestestimatorbasedonaBartlettkernel
for daily-realized volatility (Hansen and Lunde, 2005):
RVNW
t =
m  
i=1
r2
i,t + 2
q  
k=1
(1 −
k
q + 1
)
m−k  
i=1
ri,tri+k,t.
T h i se s t i m a t o rh a sm a n ya d v a n t a g e s .H o w e v e r ,i td o e sn o tt a k ei n t o
a c c o u n tv o l a t i l i t yi nt h et i m eb e t w e e nc l o s i n gt h es e s s i o na n do p e n i n g
the session next day. Therefore, it is necessary to add to RVNW
t as q u a r e
of return computed for the price at close and price at open denoted by
rCOt.W ef o ll o w edap r oc ed u r eb yH a n se na n dL u n d e( 2 0 0 5 ) .I na d d i ti o n ,
forcompanieslistedontheViennaStockExchangeanoptimalfrequency
parameter was estimated.
We applied a logarithmic transformation to the realized volatility se-
ries. We observe that in spite of this logarithmic transformation, almost
alltimeseriesarenotnormallydistributed(theexceptionsbeingBREand
PEO). Significant autocorrelation is observed for all stocks under study.
WeobservethatalloftheseriesfromtheViennaStockExchangearepos-
itively skewed. Next, we removed the deterministic trend from the time
series. The series adjusted in this way are denoted as lnRVt.I na l lc a s e s
thenullhypothesisofunitroot isrejected,sotheserieslnRVt canbeused
in var models.
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trading volume
Daily trading volume is computed as the sum of volumes corresponding
to each transaction from a whole given day. We compute the descriptive
statisticsofthelog-volumeseries.InthecaseofthePolishstock pgn and
the Austrian stocks ebs, tka and voe the null hypothesis of normality
is rejected. We filtered the log-volume from the deterministic trend and
calendar effects.
Inthenextsectionsweconsidertwotypesoftradingvolume:expected
and unexpected. Unexpected trading volume (   lnVt)i st h a tp a r to ft o t a l
volume that cannot be forecasted and is generated by the random pro-
cess of new pieces of information coming to the market. Expected trad-
ing volume (lnVt) can be forecasted and we used fitted values of arma
models as a proxy. Unexpected trading volume is given by the residuals
from arma models. Taking into consideration that in the next sections
var modelsareused,weconductedanaugmentedDickey-Fullertestfor
unit root for the variables under study. To summarize, the properties of
the time series under study are in line with Conjecture 1.
Empirical Results and Their Analysis
causality
InthissectionweanalysepairwisebymeansofnonparamtericBernstein
copulas nonlinear causality between prices, trading volume and realized
volatility.
Causal Price-Trading Volume Relations
To test linear Granger causality we applied bivariate VAR(k). In order to
testnonlinearcausalityweusedtheBRT statisticsdescribedintheprevi-
ous section applied to residuals from VAR models. Using such a method
we can be sure that we test only nonlinear relations. When estimating
Bernsteincopulaswetookbandwidthk as integer part of 2
√
T.W ec o m -
puted the p-values of the test with 200 bootstrap samples. Below we used
thenotationsX   Y inordertodescribethenullhypothesis:thatX does
not Granger cause Y.
Stock Returns and Expected Trading Volume
The hypotheses
H0: rt   lnVt,
H1: rt → lnVt
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table 1 Results of causality testing for stock returns and expected trading volume
wig atx
H0 rt   lnVt lnVt   rt H0 rt   lnVt lnVt   rt
Test Linear brt Linear brt Test Linear brt Linear brt
bre . . . . andr . . . .
bzw . . . . ebs . . . .
kgh . . . . omv . . . .
peo . . . . tka . . . .
pgn . . . . voe . . . .
in terms of conditional densities can be formulated as follows:
H0: f(lnVt|lnVt−1,rt−1) = f(lnVt|lnVt−1),
H1: f(lnVt|lnVt−1,rt−1)  f(lnVt|lnVt−1).
The opposite direction of causal dependency has the form:
H0: f(rt|rt−1,lnVt−1) = f(rtrt−1),
H1: f(rt|rt−1,lnVt−1)  f(rtrt−1).
Table 1 presents the p- v a l u e so ft h et e s t sc o n d u c t e d .
Bidirectional linear causality was detected only for one Polish stock
(peo). On the other hand there is linear causality from stock returns to
t r a d i n gv o l u m ef o ra l ls t o c k sf r o ma t x ,b u tn o ti nt h eo p p o s i t ed i r e c -
tion. The results concerning nonlinear dependencies showing that stock
returnscauseexpectedtradingvolumearethesameforbothsetsofstocks
under study. The null hypothesis of lack of causality is rejected. With one
exception (tka) causality in the opposite direction is not detected. The
computation results mean that Conjecture 2 holds true.
Stock Returns and Unexpected Trading Volume
Firstly,weestimatedabivariateVAR modelforpairrt−   lnVt.A sinp r evi-
oussectionsweusedanempiricaldistributionfunctioninordertotrans-
form the residuals from this model. The respective hypotheses are:
H0: rt     lnVt against H1: rt →   lnVt,a n d
H0:   lnVt   rt against H1:   lnVt → rt.
There is no nonlinear relationship in either direction. Linear causality
f r o mr e t u r n st ou n e x p e c t e dt r a d i n gv o l u m ew a sd e t e c t e df o rb r e ,p e o
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table 2 Results of causality testing for stock returns and unexpected trading volume
wig atx
H0 rt     lnVt   lnVt   rt H0 rt     lnVt   lnVt   rt
Test Linear brt Linear brt Test Linear brt Linear brt
bre . . . . andr . . . .
bzw . . . . ebs . . . .
kgh . . . . omv . . . .
peo . . . . tka . . . .
pgn . . . . voe . . . .
table 3 Results of testing for the pair realized volatility – expected trading volume
wig atx
H0 lnRVt   lnVt lnVt   lnRVt H0 lnRVt   lnVt lnVt   lnRVt
Test Linear brt Linear brt Test Linear brt Linear brt
bre . . . . andr . . . .
bzw . . . . ebs . . . .
kgh . . . . omv . . . .
peo . . . . tka . . . .
pgn . . . . voe . . . .
and andr.Whenconsideringcausalityfromunexpectedtradingvolume
to returns we reject the null hypothesis for two Polish stocks (bzw and
peo ) ,a n dt w oA u s t r i a no n e s( andra n domv ) .I nt h el i g h to ft h e s er e -
sults Conjecture 3 is true only to some extent.
Realized Volatility and Expected Trading Volume
Thelinear,causalrelationsbetweenrealizedvolatilityandexpectedtrad-
i n gv o l u m ew e r et e s t e dw i t ht h eVAR model described above. To test
the presence of nonlinear relations we formulated the following null hy-
potheses
H0: f(lnRVt|lnRVt−1,lnVt−1) = f(lnRVt|lnRVt−1)a n d
H0: f(lnVt|lnVt−1,lnRVt−1) = f(lnVt|lnVt−1).
ThefirstofthesehypothesesisequivalenttoH0:l n Vt   lnRVt andthe
second to H0:l n RVt   lnVt.T a b l e3s u m m a r i z e st h er e s u l t so ft e s t i n g
(p-values).
In all cases there is linear causality running from realized volatility to
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table 4 Results of testing for the pair realized volatility – unexpected trading volume
wig atx
H0 lnRVt     lnVt   lnVt   lnRVt H0 lnRVt     lnVt   lnVt   lnRVt
Test Linear brt Linear brt Test Linear brt Linear brt
bre . . . . andr . . . .
bzw . . . . ebs . . . .
kgh . . . . omv . . . .
peo . . . . tka . . . .
pgn . . . . voe . . . .
expected trading volume. Causality in the opposite direction is detected
o n l yi nt h ec a s eo fb r e ,p g n ,e b s ,t k aa n dv o e .I na d d i t i o n ,t h e r ei s
nonlinear causality from lnRVt to lnVt for one Polish stock (peo) and
one Austrian company (tka). Nonlinear dependencies in the opposite
direction were not detected. The results of computations partly support
Conjecture 4.
Realized Volatility and Unexpected Trading Volume
We now replace lnVt with   lnVt and estimate the VAR models and the
required copulas again. The hypotheses under study are the following:
H0:l n RVt     lnVt against H1:l n RVt →   lnVt and
H0:   lnVt   lnRVt against H1:   lnVt  → lnRVt
Inallcasesthereis nononlinearcausalrelationshipineitherdirection,
w h i c hi si nl i n ew i t hC o n j e c t u r e5 .W eo b s e rv e dl i n e a rc a u s a l i t yf r o mr e -
alized volatility to unexpected trading volume in three cases (peo, ebs
and voe). Causality in the opposite direction is detected for one Polish
stock pgn and three stocks from atx (andr, ebs, voe). These find-
ings contradict Conjecture 5.
long memory estimation results
We use the Whittle estimation method and perform a test for the equal-
ity of long memory parameters. The functions h(n)a si n( R o b i n s o na n d
Yajima 2002) are:
h1(n) =
1
lnn
,
h2(n) =
1
ln2n
.
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table 5 Results of long memory parameter estimation and equality testing
wig atx
Test dlnRVt dlnVt T0(h1) T0(h1)T e s tdlnRVt dlnVt T0(h1) T0(h1)
bre . . . . andr . . . .
bzw . . . . ebs . . . .
kgh . . . . omv . . . .
peo . . . . tka . . . .
pgn . . . . voe . . . .
The parameter m = n0.6 is equal to 52 for Polish stocks and to 51 for
Austrian stocks. The standard errors of the estimation of long memory
parameters are 0.136 and 0.137, respectively. The table 5 presents the re-
sults of estimation and testing
Theresultspresentedaboveareinlinewiththeresultsofunitroottest-
ing. All of the series are stationary and exhibit long memory. With one
exception (tka) all of the estimated parameters are significant at a 0.1
level (most of them are significant at a 0.05 level and below). Taking into
account that the values of the chi-square distribution with one degree of
freedom are equal to χ2
1 = 2.706, χ2
1 = 3.841, χ2
1 = 6.635 for significance
levels 0.1, 0.05 and 0.01 respectively, there is no reason to reject the null
hypothesis for any Polish stock under consideration. In the case of the
Austrian stocks we reject the null for the tka stock (when using both h1
and h2 functions). When considering only the h2 function we also reject
the null in the cases of andr and ebs. In table 5 the results of the esti-
mated rank of cointegration are presented (we omit the tka stock here).
The parameter m1 = n0.55 used in the estimation is equal to 37 for both
sets of stocks and we multiply the eigenvalues by 10000. The estimation
results (detailsof them areavailable from the authorsupon request) indi-
cate that in all cases of stocks traded on the Warsaw Stock Exchange the
rankofcointegrationisequalto0.Thismeansthatdespitetheequalityof
the long memory parameters, a linear combination with a lower degree
of integration doesn’t exist. In the case of the ebs and voe stocks there
existsonecointegratingvector,butonlyforv(n) = m
−0.25
1 .Tosummarize,
t h er e s u l t sr e p o r t e dh e r ea r ei nl i n ew i t hC o n j e c t u r e6 .
Conclusions
The main criterion for the maturity of a financial market are properties
of the information flow process such as degree of asymmetry, the speed
Managing Global TransitionsTesting of Dependencies between Stock Returns and Trading Volume 369
at which new information is reflected in prices and trading volume, the
strength and types of short-and long-term, linear and non-linear, con-
temporaneous and causal relationships between the different character-
istics of shares (e.g. price, returns, return volatility, trading volume).
The main goal of this research was to check by using high frequency
data the causal price-volume relationships for selected highly liquid
stocks traded on the Warsaw and Vienna stock exchanges and compare
by this means these stock markets. The knowledge of these relations al-
lows getting an insight into the structure of both capital markets. The
main question was: how is information disseminated among market par-
ticipants?
The reply to this question is strictly connected with two central and
contradictory research hypotheses: contemporaneous information ar-
rival (the mixture of distributions hypothesis by Clark) or the sequential
information arrival hypothesis (formulated by Copeland). The proper
tool to check this research problem is modern causality analysis.
To detect linear causality classical vector autoregressive models were
used. The nonlinear form of relationships was examined using a test
based on nonparametric copulas.
In order to checkthe conditionaldependencebetweentwo vectorpro-
cesses the authors applied a new test defined by Bouezmarni, Rombouts,
andTaamouti(2012).Thistestisbasedonnonparametricestimationand
Bernstein copulas. The common test statistics require an estimation of
copuladensity functions.Thenonparametricestimatorof copula density
is based on Bernstein polynomials. The Bernstein copula estimator is al-
ways non-negative and does not suffer from the boundary bias problem.
Thistestistimeconsumingbuteasytoconduct.Themainreasonforthis
is that it does not involve a weighting function in the test statistic. In ad-
dition, it can be applied in general settings since there is no restriction
on the dimension of the data. To apply this test, only a bandwidth for the
nonparametric copula is needed.
The volatility of stock returns was computed using realized volatility
estimators including changes in prices for non-trading hours. There are
someclearpatternsofcausalrelationshipsbetweenstockreturns,realized
volatility and expected and unexpected trading volume.
The conjecture about stationarity was by and large supported by em-
pirical results concerning returns, return volatility and trading volume
for companies under study from both stock markets.
As regards the pair stock returns and trading volume, conclusions de-
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pend on the part of trading volume used. There is strong linear and non-
linearcausalityfromstockreturnstoexpectedtradingvolume,andalack
of such a relationship in the opposite direction. So knowledge of past
stock returns can improve forecasts of expected trading volume. When
c o m e st ou n e x p e c t e dt r a d i n gv o l u m e ,w ec o n c l u d et h a tt h e r ei so n l ya
linear, causal relationship from stock returns to unexpected trading vol-
ume. Neither linear nor nonlinear causal relations in the opposite direc-
tion (from trading volume to returns) are detected. The empirical results
imply that, although there is a positive contemporaneous correlation be-
tween trading volume and returns, trading volume does not add signifi-
cant predictive power in the forecast of future returns in the presence of
current and past returns. This finding is consistent (for both marketsun-
derstudy) withthe Clark(1973)mixture model,which predictsnocausal
relation from trading volume to stock returns. The empirical results also
underlined the difficulty of improving the predictability of returns by
adding public information about trading volume.
There is a linear causality running from realized volatility to expected
trading volume, and a lack of nonlinear dependence in the opposite di-
rection. When unexpected trading volume is used, we observe (with one
exception) linear causality for the pair volatility and trading volume in
both directions and a lack of nonlinear causality.
T h er e s u l t sr e p o r t e da b o v em e a nt h a tt r a d i n gv o l u m eh e l p st op r e -
dict return volatility and vice versa. Trading volume helps to predict re-
turn volatility. However, it is unable to forecast the level of returns. In
o t h e rw o r d s ,t r a d i n gv o l u m ec o n t a i n si n f o r m a t i o na b o u tr e t u r n si n d i -
rectly through its predictabilityof return volatility. This finding supports
the Clark (1973) latent common-factor model. In this model trading vol-
umeisdefinedasaproxyfordailyinformationflowinthestochasticpro-
cess generating variance of stock returns.
The authors also investigated the properties of realized volatilities and
trading volumes series with respect to long memory. The series under
study (filtered realized volatilities and trading volumes) exhibit long
memoryandinmostcasesdegreesoffractionalintegrationareequal(es-
pecially for stocks listed on the Warsaw Stock Exchange), which means
that they share common long-run dependence. This evidence supports a
modified version of the mixture-of-distribution hypothesis of Bollerslev
and Jubinski (1999), which posits the existence of a latent directing vari-
able possessing long memory characteristics which account for the dy-
namics of volatility and trading volume. Our results reflecting the infor-
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mationarrivalprocessconfirmedtheexistenceoflongmemory.Thismay
a l l o wu st og e n e r a l i z em o d e l st h a ta r eb a s e do n l yo ns h o r t - r u nd y n a m i c s
andcanhelptoprovideabettercharacterizationofjointvolatility-trading
volume dependencies. In addition, the existence of fractional cointegra-
tion was examined. Despite the equality of the long memory parameters
of realized volatilities and trading volumes, by and large linear combina-
tions of these variables with a lower degree of fractional integration do
not exist, so they do not move together in the long time horizon. In other
words a mutual long-run dependence does not exist. These findings are
in general not consistent with an mdh with long memory.
To summarize, the relationships returns-return volatility-trading vol-
ume are similar for samples of companies listed on both stock markets
under study. The findings based on high frequency data are in favour
of the mdh hypothesis. However the empirical results did not support
mdh with long memory. The findings mean that it is hard to forecast re-
turns based on past values of trading volume.
One of the main limitations of this analysis is the unavailability and
high cost of high frequency data. Future analyses for comparing the ac-
tualdegreeofdevelopmentofthe wse withthestockexchangeinVienna
should be performed in subperiods of bear and bull markets on the ba-
sis of intraday data for all companies listed on both indices under study.
In this way the stability and robustness of results and interdependencies
couldbechecked.Inaddition,onthebasisofhighfrequencydatatheba-
sic characteristics of the microstructure of these stock markets should be
examined and compared.
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